STABILITY AND LOCALLY EXACT DIFFERENTIALS ON A CURVE 



KIRTI JOSHI 

Abstract. We show that the locally free sheaf Bi C F« {fix ) of locally exact differentials 
on a smooth projective curve of genus g > 2 over an algebraically closed field k of 
characteristic p is a stable bundle. This answers a question of Raynaud. 
RESUME. Soit X une courbe propre,lisse, connexe, de genre g, definie sur un corps k 
algebriquement clos de caracteristique p > 0. Soit F : X X \e Frobenius absolu et 
Bi C Ft,{^lx), le faisceau des formes diffrentielles localement exactes sur X. C'est un 
fibre vectoriel sur X de rang p — 1. Nous montrons qu'il est stable pour g > 2. 



dhire d_hire re mana, dhire sab kuch hoye 
mali sinche sau ghara, ritu aye phal hoye 
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1. Introduction 

Let k be an algebraically closed field of characteristic p > 0. Let X/k be a smooth, 
projective curve of genus g > 2 over k. Let F : X ^ X be the absolute Frobenius 
morphism of X. If ^ is a vector bundle we will write fi{V) = degiV) /rk (V) for the slope 
of V. We will say that V is stable (resp. semi-stable) if for all subbundles W C V we have 
fJ-{W) < /i(V^) (resp. fJ-{W) < fj,{V)). We will write = Kx for the canonical sheaf of 
the curve. 

Let Bi be the locally free sheaf of locally exact differential forms on X. This may also 
be defined by the exact sequence of locally free sheaves 



^ Ox ^ F,{Ox) ^ Bi ^ 0. 



As X is a curve, by definition, Bi is a sub-bundle of F^{^}^) of rank p — 1. In |Ray82 



Raynaud showed that Bi is a semi-stable bundle of degree {p — l){g — 1) and slope g — 1- 
Raynaud has asked if Bi is in fact stable (see |Ray02| ). In this note we answer Raynaud's 
question. We prove: 

Theorem 1.1. Let k be an algebraically closed field of characteristic p > 0. Let X be a 
smooth, projective curve over k of genus g and let Bi be the locally free sheaf of locally 
exact differentials on X. Then Bi is a stable vector bundle of slope g — 1 and rank p — 1- 

Observe that when p = 2, Bi is a line bundle of degree g — 1 and so the result is 
immediate in this case. Our proof also gives a new proof of Raynaud's theorem that Bi 
is semi-stable. Theorem 11.11 will follow from the corresponding assertion for curves of 
sufficiently large genus. More precisely: 

Theorem 1.2. Let k be an algebraically closed field of characteristic p ^ 2. Let X be a 
smooth, projective curve overk of genus g and assume that the genus g > {l/2){p—l){p—2). 
Then Bi is stable. 

I thank M. Raynaud for discussions which inspired me to think about this problem again 
and for his comments. In the first version of this note we had proved Theorem 11.21 (the 
large genus case). That this is sufficient to establish the result for all genus was pointed out 
to us by Akio Tamagawa and I am grateful to him for his comments and correspondence. 



2 



KIRTI JOSHI 



This note was written while I was visiting Orsay and I thank the mathematics department 
of Universite de Paris-Sud for support; thanks are also due to Jean-Marc Fontaine for 
many stimulating conversations and support. 

2. The proofs 

We will first explain the reduction of Theorem 11.11 to the Theorem 11.21 (I owe this 
argument to A. Tamagawa). 

Proof. [Theorem 11.21 =^ Theorem II. Ij As the genus gx of X is at least two, we know 
that there exists a connected finite etale covering of X of arbitrarily large genus. Choose 
a finite etale covering f : Y ^ X such that the genus gy of Y is sufficiently large genus 
(more precisely with gy > {p — — 2)/2). Observe that the formation of Bi commutes 
with any finite etale base change, that is, Biy = f*{Bi^x)- Hence the stability of Bix 
follows from that of Bi y and the latter assertion is the content of Theorem ll.2l □ 

The rest of this note will be devoted to the proof of Theorem 11.21 The idea of the 
proof is to get an upper bound on the slope of the destabilizing subsheaf (if it exists!). We 
recall some facts which we need. The first two lemmas are from |,IRXYn2j which is not 
yet published so we provide proofs. 

Lemma 2.1. We have deg(F*(17^)) = {p+ l){g - 1). 

Proof. By Riemann-Roch theorem x{^\) = x(^*(^x))- Which gives deg(F*(r2^))+p(l — 
g) = deg(Q^) + {l-g). Simplifying this gives deg{F,{^\)) = 2{g - 1) +p{g-l) + (1 -5), 
which leads to the claimed result. □ 

Lemma 2.2. Let M C F^{Q,\) be any line subbundle. Then 

MM)<Mi^.(f]^))-^^^lli^ 

P 

Proof. This was proved in |JRXYn2] . By adjunction we get a map 

F*(M) ^ n]^. 

Hence by degree considerations we see that 



p p 
where we use Lemma |2. II for the last equality. □ 



We will also need to identify the dual B^ of Bi . This was done by Raynaud in Ray82| 



Lemma 2.3. The dual B^ = Bi ^ K^^. 

Now we recall a theorem of Mukai-Sakai (see |MS851 page 251]). This will be used to 
give upper bounds on destabilizing subbundles along with Lemma 12.21 For more on this 
see Remark 12.91 

Theorem 2.4. Let X/K be a smooth, projective curve over an algebraically closed field K 
of arbitrary characteristic. Let W be a vector bundle. Fix an integer 1 < k < r = rk(W). 
Then there exists a subbundle U <ZW of rank k such that 

^i{W)<^i{U)+g{l-k/r). 

Proof, [of Theorem ll.2j As remarked in the introduction, when p = 2, i?i is a line bundle 
and so there is nothing to prove in this case. In what follows we will assume that p ^ 2. 
Assume, if possible, that Bi is not stable. Then there exists some W <^ Bi which is locally 
free of rank r with ^iW) > p{Bi) = g — 1. 



STABILITY AND LOCALLY EXACT DIFFERENTIALS ON A CURVE 



3 



We first claim that we can assume with out loss of generality that r < {p — l)/2. Indeed, 
if not then the dual of Bi surjects on W* the dual of W and the kernel has rank < (p — 1) /2. 
Moreover writing Wi for the kernel we get an exact sequence 

O^Wi^Bl = Bi(^ K^^ ^ ^ 

and writing W2 = Wi (8) Kx , we get 

0^W2^ Bi^W* ^Kx ^0 

Now deg(Vl^i) + deg(Ty*) = deg{Bl) = {p — 1)(1 — g) and a simple calculation using 
-fi{W*) = fi{W) >ig-l) shows that deg(Tyi) > rk iWi){l - g). So that we have 

deg(H^2) = deg(Tyi ® Kx) > rk {Wi){l -g)+Tk {Wi){2g - 2), 

which simplifies to 

deg{W2)>rk{W2){g-l) 
or equivalently fi(W2) > {g — I)- 

Thus we may assume without loss of generality that rk(M^) < {p — l)/2. 

We apply Theorem l2.4l to the following situation. We take W as above of slope > (5 — 1) 
with rk (W) at most (p — l)/2 and we take k = 1 and let U to be the line bundle given by 
Theorem 12.41 Then we get 

Kw)<Ku) + 9{i-i/Tk{w)). 

Now asU CW C B^ C F^{il.\), we know by Lemma lO that 

p{U)<fi{F4n\))-ip-l)ig-l)/p. 
Putting these two inequalities together and using fi(W) > g — 1 we get 

(2.5) {g-l)< KW) < -{p-l){g- l)/p + g{l - 1/rk {W)). 
Writing r = rk iyV) this simplifies to 

(2.6) (9-l)<M»') < ^^^-^ + <)(l-l/r) 

P.7) < f^ + l-i).-^ 

And so in particular we get 



p r J p 



which easily simplifies to 



l<[- + l--\g--, 
^p r J p 



^^r{p- 2) 



p — 2r 

and as r can be as large as {p — l)/2, this says that g < ^{p — l){p — 2). Now we have 
assumed that g > ^{p — l){p — 2) so that our assumption that W C Bi has slope > g — I 
leads to a contradiction. Thus Bi is stable. □ 

Remark 2.8. In fact, as was pointed out to us by A. Tamagawa, Theorem 11.21 can be 
slightly sharpened as follows. We claim that the following conditions are equivalent 

(1) The bundle Bi is stable. 

(2) Either p = 2 ov g > 1. 

After Theorem ll.il the assertion (2) =^ (1) is immediate. Now to prove that (1) =^ (2) 
observe that the case p = 2 is trivial so assume, if possible, that g < 1. By Theorem 12.41 
for line bundles applied to Bi, we see that Bi has a line subbundle M ^ Bi with 

MM) > /.(Si) -5(1-^ 
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Then the right hand side is greater than (g — 1) — 1. As ^(M) is an integer, this says that 
fi{M) > {g — I) and this contradicts the stabihty of Bi. 

Remark 2.9. The method of using coverings of large degree can also be used to improve 
the results of |Jos03j (resp. |JRXY02'] for small p) where we showed that F^{L) is stable 
for any line bundle L on X provided that the genus of X is sufficiently large. 

Remark 2.10. The method of proof given above can also be used to show that the bundles 
Bn defined in [71i79j using iterated Cartier operations are stable. These are bundles of rank 
— 1 and slope g — I- 
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